A sheaf can be defined in two ways. As theétale space, or as the contravariant functor. In this paper, by analogy, we characterize the topologicalétale groupoids by a sheaf theoritic way. For that purpose, we introduce a pseudogroup sheaf as generalization of a pseudogroup. Etale groupoids are related to paeudogroups. Let X be a topological space. Denote
Introduction
A topological groupoid is a groupoid object in the category of topological space. The wordétale means that the sauce map and the target map are local homeomorphisms. (cf. [5] ) Some way of the characterzation of topologicaĺ etale groupoids are known. (For example, Pronk [6] characterize that bý etendues.)
Etale groupoids are related to paeudogroups. Let X be a topological space. Denote X top def = {U ⊂ X : open}. Now Homeo X def = {f : U → V : homeo.|U, V ∈ X top } is a groupoid where Homeo X (U, V ) def = {f ∈ Homeo X |dom(f ) = U, cod(f ) = V }. A pseudogroup is a sub-groupoid H of Homeo X satisfying the sheaf property:
• For any f ∈ Homeo X (U, V ), f ∈ H(U, V ) if and only if f | Uα ∈ H(U α , f (U α )) where {U α } is an open covering of U .
In 1958, Haeflier [1] [2] considered pseudogroups in relation toétale groupoids. These are called Haefliger groupoids. In 2007, Resende [7] introduced an abstract pseuedogroup as a complete and infinitely distributive inverse semigroup. (Remark, the above pseudogroup is a semigroup.) Resende gave equivalent correspondence amongétale groupoids, abstract pseuedogroups and quantales, by locale theory. So these correspondence holds in category of sober spaces.
In this paper, we gave a new characterization ofétale groupoids by a sheaf theoritic way. In section 2, we introduce a pseudogroup sheaf, and we proof the main theorem. Theorem 2.6. Let X be a T 1 space. There exists one-to-one correspondence between topologicalétale groupoids over X and pseudogroup sheaves on X.
This holds in case of not T 1 , but we have to modify the definittion of a pseudogroup sheaf.
We discuss about the sheafification of pre-pseudogroup in section 4. We define the enriched version of a pseudogroup sheaf in section 5.
sheaves associated with topologicalétale groupoids
Let X be a topological space. Denote
Recall, a topological groupoid is a groupoid G = (G 0 , G 1 , s, t, i, inv, comp) such that the set of objects G 0 and the set of morphisms G 1 are topological spaces, and that the structure maps (i.e. sauce map s, target map t, identities map i, inversion map inv and composition map comp) are continuous. A topological groupoid isétale if the sauce map and the target map are local homeomorphisms.
Let G be a topologicalétale groupoid over X.
Ĝ is a small category with including X top (i.e. X top ⊂Ĝ) as a subcategory.
For each open set V ∈ X top and each point x ∈ X, letĜ x (V ) Proof. It is easy.
pseudogroup sheaves
In this section, we consider only T 1 space. Let X be a topological space. Suppose that C is a small category with including X top (i.e. X top ⊂ C) as a subcategory, and Ob(X top ) = Ob(C).
Definition 2.1. Let X be a T 1 space. A pre-pseudogroup on X is a small category C with an embedding functor X top ⊂ C satisfying the following: (3) the category C ⋆ is a groupoid.
A pseudogroup sheaf on X is a pre-pseudogroup on X satisfying the following: (4) the pre-sheaf C(−, V ) is a sheaf for each V ∈ X top . Remark 2.2. When X is not T 1 , this definition is possible, but could not be reasonable.
} for each open sets U, V ∈ X top . Homeo l X satisfies the above conditions (1), (3) and (4) . If X is T 1 , then Homeo l X is a pseudogroup sheaf on X. Example 2.4. Let F be a sheaf of group on X. We define C as
Then C is a pseudogroup sheaf on X.
Let X be a T 1 space, and let C be a pre-pseudogroup on X. We can consider that any f ∈ C(U, V ) has a underlying mapf : U → V in the following way: Take any point x ∈ U . Then the germ f x of f at x belong to 
Next we proof that it is local homeomorphism. Take any point x ∈ U , and let y def =f (x). Since C ⋆ is a groupoid, f x ∈ C y x has an inverse g y ∈ C x y . Then
Let s : E C → X be anétale space associated with the pre-sheaf C(−, X). Proof. We have to proof that the target map t : E C → X is a local homeomorphism, and that the identities map i : X → E C , the inversion map inv : E C → E C and the composition map comp :
Claim.1 t is a local homeomorphism.
Claim.2 i is continuous.
Claim.3 inv is continuous.

Take any point g
y ∈ inv −1 ([f, U ]) with inv(g y ) = f x ∈ C y x . Since f x •g y = id ∈ C y y , there exists a representative element g ∈ C(V, U ′ ) of g y such that f • g = id ∈ C(V, V ). Then g y ∈ [g, V ] ⊂ inv −1 ([f, U ]).
Claim.4 comp is continuous.
Take any point (g
Theorem 2.7. Let X be a T 1 space. There exists one-to-one correspondence between topologicalétale groupoids over X and pseudogroup sheaves on X.
Proof. Obvious.
classical pseudogroups
Definition 3.1. A pseudogroup sheaf C on X is concrete if the functor C → Homeo l X ; f →f is faithful. Let C be a concrete pseudogroup on X. Then the subcategory of invertible morphisms of C is a pseudogroup in a classical sence.
Conversely, we can obtain a concrete pseudogroup in the new sence from any pseudogroup in the classical sence, by "sheafification". Recall the sheafification of a pre-sheaf. Let F be a pre-sheaf, and let S x F be the skyscraper sheaf supported at x with valued F x , where F x is the stalk of F at x. Let F # def = x S x F. Now, we defineF as the minimum
Let C be a pre-pseudogroup on X, and let
is induced by the following diagram: Proof. Let C ′ (−, V ) be the sheafification of C(−, V ) for each V ∈ X top . We only have to prove the following:
are pre-sheaves. We have to prove the following:
So, we only have to prove in stalk-wise:
This follows the following diagram:
The discussion in this section depend on the following two property:
• each functor (−) × A preserves any coproduct
• a morphism f : F → G between sheaves is an isomorphism if and only if all of the induced map f x : F x → G x between stalks are isomorphisms
The first property holds in any Cartesian closed category. The second property is known as to have enough points in Topos Theory. (cf. [4] ) From this property, a lot of stalk-wise discussion can be justified. This property is not necessary for Theorem 4.3 to hold.
5 some variation 5.1 in the category of smooth manifolds Definition 5.1. Let X be a smooth manifold. A pseudogroup sheaf C on X is smooth if the underlying mapf is smooth for any f ∈ C(U, V ).
Similarly to section 2, we can proof the following theorem. 5.2 in case of not T 1 Definition 5.3. Let X be a topological space. A pre-pseudogroup on X is a triple of a small category C, an embedding functor X top ⊂ C and a functor C → Homeo l X ; f →f satisfying the following:
(2) the composition X top ⊂ C → Homeo l X coinsides with the inclusion X top ⊂ Homeo l X .
(3) the category C ⋆ is a groupoid, where
A pseudogroup sheaf on X is a pre-pseudogroup on X satisfying the following: (4) the pre-sheaf C(−, V ) is a sheaf for each V ∈ X top . Theorem 5.4. Theorem 2.7 holds in case of not T 1 .
enriched version
Let E be a category satisfying the following:
• E is complete and cocomplete.
• filtered colimits in E are exact.
• IPC-property holds in E. (cf. [3] ) Then, any E-valued pre-sheaf has a sheafification. We can define an Eenriched pseudogroup sheaf.
E is a cartesian monoidal category. E has an initial object ∅ and a terminal object * . So, we can regard X top as E-enriched category. Directly, we define it in the following:
Definition 5.5. Let X be a T 1 space. An E-enriched pre-pseudogroup on X is an E-enriched category C with an E-enriched functor X top → C satisfying the following:
(1) Ob(X top ) = Ob(C). (3) the E-enriched category C ⋆ is an E-enriched groupoid.
A E-enriched pseudogroup sheaf on X is a pre-pseudogroup on X satisfying the following: (4) the pre-sheaf C(−, V ) is a sheaf for each V ∈ X top .
If the properties of Remark 4.5 hold in E, any E-enriched pre-pseudogroup has the sheafification.
Example 5.6. Let S be a small site such that all of the coverings are finite. The category of sheaves on S, denote Sh(S), has these properties. So we can define a Sh(S)-enriched pre-pseudogroup and a Sh(S)-enriched pseudogroup sheaf. Moreover, any Sh(S)-enriched pre-pseudogroup has the sheafification.
